Chapter 13

Stochastic or 1t6 Calculus

This chapter presents the basic results concerning the 1t6 calculus aso called
stochastic calculus, one of the main tools used in stochastic finance particularly for
building stochastic models used in option theory, developed in Chapter 14 and in
bond evaluation, developed in Chapter 15.

13.1. Problem of stochastic integration

In traditional analysis, it iswell known that the Riemann-Stieltjes integral noted
b
j fdar (13.9)
a

iswell defined if for example f is continuous and & of bounded variation on [a,b],
or inversely if « is continuous and f of bounded variation on [a,b]. From
integration by parts, we obtain:

b b
j fder = f (b)a(b) - (a)a(a)—jadf. (13.2)

Let us work now on a filtered probability space (Q,S,(St,t > 0),P) on which
we define two adapted stochastic processes:

f=(f(t),t>0),X =(X(t),t>0) (13.3)
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where the process f has its trgjectories a.s. of bounded variation and the process X
has its trajectories a.s. continuous on [0,t] .

For each trajectory w , it is till possible to integrate “ala Riemann-Stieltjes’ to
obtain a new random variable Y

t
Y= I f(9)dX (s) (13.4)
0
or
t
Y(w) = I f (s,0)dX (s, 0) . (135)
0

The process f is called the integrand process and the process X the integrator
process.

So, if processf hasits trgjectories a.s. of bounded variation and process X has its
trajectories a.s. continued on [0,T], the stochastic process Y = (Y(t),t [0,T]) is

also represented byI fdX or:

t
J'fdx - I f (s, 0)dX (s,0),t €[0,T] (13.6)
0

Nevertheless, this approach of stochastic integration is completely unsatisfactory
if, for example, we are considering a standard Brownian motion, as defined in
Chapter 10, W = (W(t),t > 0) asindeed, we cannot define the following integral

t
IW(S, @)W (s, w) (13.7)
0

as these trajectories of a Brownian motion are p.s. not of bounded variation on any
interval [0, t]. That is why it is necessary to construct a new theory of integration
called the stochastic or 1t6 integration.
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In particular, we will see that in this new theory, the “natura” result in
traditional analysis:

t
[W(s @)w(s o) - %[W(t, o) (13.8)
0

isherefalsel

More generally, the traditional formula of derivation and differentiation will no
longer be systematically true.
13.2. Stochastic integration of simple predictable processes and semi-
martingales

Let (Q,3,(3,.t>0),P) be afiltered complete probability space, T a stopping
time and 31 the o -algebra of all the events anterior to T and introduce the

following definitions.

Definition 13.1 A stochastic process
H =(H;,t>0) (13.9)

ispredictable simpleif H = (H;,t > 0) if:

() Hy = HoLgy O+ Y Hilr 1 .
i=0

(i) To=0,(T;,i =1,...,n) isan increasing sequence of as. (13.10)
finite stopping times,
(i) Vi=1..,n: |Hj| <o, ps, Hj €3, .

Definition 13.20n ( Q,3,(3t,t>0),P), the set of all predictable simple stochastic
processes is called Sand §, if it is topologized with the uniform convergence in
(t,).
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The basic idea is to define, with a given integrator process X, the stochastic

integral process noted J. HdX of asimple predictable process H
0

dex - I H(0)dX (@) (13.11)
0 0

eventually with the completion of H for t > T, ,; as
Ht (Cl)) = O, p.Ss. Vt>Tn+1 (1312)

as the operator Iy :S— O, this last set being the set of al r.v. with the
convergence in probability, defined by relation (13.10) such that this operator has
the following properties:

(i) 1y islinear:
o0 o0 o0
Hl,HzeS:I(HlJrHZ)dX:IHldX+IH2dX, (13.13)
0 0 0
(i) 'y iscontinuous:
C.u. < C. pr.Oo
(Hn)—>H = [HodX = [Hax . (13.14)
0 0
We see that the continuity property is well related to the two modes of
convergence introduced before: the uniform convergence on S and the convergence
in probability on 0.

To define now the operator |y for simple predictable processes, we will follow
the traditional definition as follows.

Definition 13.3 The operator |y : S— L° is defined as follows:
n
Ix (H) = H_41{0} + > H; (X7 - X7). (13.15)
i=0

The new problem now is to see what the “good” integrator processes are so that
this definition has a meaning and satisfies properties (13.13) and (13.14).
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As from Definition 13.3, it is clear that the linearity property is always fulfilled
for simple predictable processes. To see for what classes of process it remains true,
it suffices to obtain property (13.14), justifying the introduction of a large class of
stochastic processes called semi-martingales.

Definition 13.4 The stochastic process X is a total semi-martingaleif:
(i) Xiscadlag;
(i) Xis adapted;
(iii) operator Iy :S— L%is continuous.

For the restriction of the integration on the interval [0,t], we give the next
definition.

Definition 13.5 The stochastic process X is a total semi-martingale if for all
t e[0,0) , the stopped processat t, X' defined by

Xt _ Xgi8<t,
Xi, st

(13.16)

isatotal semi-martingale.

It is now possible to prove that this class of stochastic processes is good enough
for stochastic integration with the following theorem proved by Protter (1990).

Proposition 13.1

() Every adapted cadlag process of bounded variation on al compactsis a semi-
martingale.

(i) Every cadlag square integrable martingale g is a semi-martingale.
(iii) Every standard Brownian motion is a semi-martingale.

Proof Let us prove (ii) and (iii).
(i) From Definition 13.3 and relation (13.15), we obtain:

E[(IX(H))Z}: E {Zn“Hi (Xr,~Xq )] . (13.17)
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As the double products have a zero expectation, we obtain:

<[00l S, x| san

and so
[(IX(H)) }<sup‘H ‘E[( xTﬂ—xTi)zH. (13.19)

Using the smoothing property of conditional expectation and the stopping time
theorem of Doob (see Chapter 10), we can successively write:

E[ X1 X7, |= E[E[XT 7, |5 J (13.20)

E[ X1 Xg, |= E[XTi E[ X7, || } (13.21)

E[ Xg X, |= E[xTiZ], (13.22)
and so from relation (13.15):

E[ (1x(H))* |< aﬁp‘HiZ‘i(E[x;ﬁd} E[x?]-26[x?]) @329

or:

e (1 ()" < uplh? \Z( [x2 ]-g[x2)). (1328

Thislast result finaly gives:
E[(lX(H))ﬂsa;p‘HF‘(E[x{J—E[x(ﬂ) (13.25)

which proves the continuity property of operator |,

(iii) This result is a direct consequence of the property that every standard
Brownian mation is a square integrable and cadlag martingale (see Chapter 10) with
trajectories a.s. continuous.
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13.3. General definition of the stochastic integral

Let us now go to the last step of stochastic integration, that is, to define this
concept for more general processes than the predictable simple processes. To do so,
we must introduce a class of stochastic processes we can obtain using an adequate
convergence using a technique similar to the construction of real numbers from the
rational numbers or the construction of the integral of measurable functions starting
from theintegral of simple functions.

The basic idea, fully developed in Protter (1990), is always the same one. Firstly,
we define a larger class of integrable functions on which the initia class is dense.
Secondly, we approach each element of the new class with a sequence of elements
of the initial class using an adeguate mode of convergence, i.e. the punctual
convergence in number theory, the uniform convergence in traditiona integration
and here the uniform convergence in probability on every compact set.

Definition 13.6 (The uniform convergence in probability on every compact set) A
sequence of stochastic processes (H "n> 1) where H" = (Ht”,t > O) converges

uniformly in probability on the compacts towards the process H = (H;,t > 0) if,
for all t>0, we have:

sup [HS-H |—* 0. (13.26)

O<s<t

So, we how have four basic spaces of topologized stochastic processes:

D: the space of cadlag simple adapted processes;

L: the space of adapted cadlag processes,

S, : the space of predictable simple processes with the uniform convergence;
L2: the space of finite random variables with the convergence in probability.

The spaces of stochastic processes D, L and S with the uniform convergence in
probability on the compacts are noted respectively Dyep, Lycps Sucp-

We have now the following result.

Proposition 13.2 (Protter (1990)) With the uniform convergence in probability on
the compacts, space S of predictable simple processesisdense on L.

Thisresult leads to the extension of the definition of stochastic integral from Sto L.
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Firstly, let usrecall that the application
Iy 1§~ L° (13.27)

defined from relation (13.10) is written in the following form:
IX(H):J'Hdes (13.28)
0
and with the stopped process X':
t
| (H) = I HdX (13.29)
0
For a given stochastic process H, this last relation defines a new stochastic

process Jy :

Ix(H) =14(H) (13.30)

such that for each process H = (Ht,t > 0) , the corresponding associated process is

t
[IHsdxs,tzo} and so
0

Ix (H)y =1y (H). (13.31)
Protter (1990) proved the two following propositions.
Proposition 13.3 If process X is a semi-martingale, then the application
Jx 1 Suiep > Duep (13.32)
is continuous.

Proposition 13.4 The continuous linear operator Jy :§, > Dy can be
extended to a continuous linear operator Jy @ Lycy > Dygp -

This last proposition is a special case of the fundamental result that every linear
operator on a sub-vector space can be extended in a unique way to the whole vector
space.
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Definition 13.7 If X isa semi-martingale, the continuous linear application:
Jx 1 Lyep > Duep (13.33)
is called a stochastic integral.
Of course, we will use the same notations as for simple processes:

Ix (H) ='[Hsdxs (13.34)
0

t
| (H) :IHsde,
0

(Ix (H) =1y (H) (13.35)
Thus, the main conclusion isthat it is possible to define the stochastic integral on
[Ot] for every adapted cadlag process as integrand process and for every semi-

martingale integrator process.

Example 13.1 Let us consider a standard Brownian motion B=(B, >0) on the
filtered probability space (2,3,(3t,t>0),P).

From Proposition 13.1, process B is a semi-martingale and moreover continuous

t
(see Chapter 10); it follows that the following stochastic integral '[Bsd B exists.
0

To calculate its value, let us introduce the following sequence of nested partitions
(17,,,n=1) of [0,] such that the sequence of these norms (v,,n >1) tendsto 0.

For every partition /7,,, we introduce the following simple function B" defined
asfollows:

n-1
n
B = 2B Xt (1330)
k=0

with

Ty = (tg,eon b sty ) tg = Ot = t. (13.37)
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From the definition of the stochastic integral of simple functions, we obtain:

t n-1

.[ BldB; =D B, (B,, B, ). (13.38)

0 k=0

Using the theorem of the approximation of every continuous function by a
uniformly convergent sequence of step functions, we have on [0,t]:

B" lff B (13.39)
and so:
t n-1
I BB, = | Lnoz B, (B, ~B)- (13.40)
0 n k=0
As
n-1 1 n-1 2
z B[k (B[k+1 N B[k ) :_z (Btk+1 + B[k )(B[k+1 N B[k )_(B[k+1 - B[k ) ! (13'41)
k=0 2 k=0
or even
n-1 n-1
ZBk(BM—Bk):%BtZ—%Z(BM—Bk )2, (13.42)
k=0 k=0
we obtain:
t 1., 1 n-1 )
{Bsst - 28 ‘EJJL“%(B‘M -B,) (13.43)

The final result comes from the application of the next proposition showing that
the second term of this last relation tends towards t/2 and so:

t
12 1
_lSBSdB =SB St (13.44)

This last result illustrates well the fact that the traditional formula of differential
analysisis, in general, no more true for the 1t6 calculus; here, in result (13.44), there
is a supplementary term -t/2 with respect to the traditional formula, called the drift.
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L et us now prove the previous result.

Proposition 13.5 For any standard Brownian motion we have, with the convergence
in probability:

n-1
Vlni Tokzg(B‘M -B, ) =t. (13.45)
Proof With

Iy = (tgsetics oo ty)sto = Oty =1,
let us define;

-1

>

(B, -B) =S (13.46)

0

T

From the identity

LY

n—

Si-t=> [ (B, ~B, )’ (ka1 ] (13.47)
k=0
we obtain:
n-1 2
B[S -t =E|| X[ (B, , B, )’ ~ (-t | | (13.48)
k=0

using the property that a standard Brownian motion has independent increments (see
Chapter 10):

1 2

(B, -8, )%~ (ca-t0] | (13.49)

n7
El(S,-1)°1=E
k=0
Consequently, it follows that:

2

(B, -8, )
— et | (e —te)2 |- (13.50)
k=0 (\/tkﬂ—tk ]

n

E[(S, -1)°]=E
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Let us now introduce ther.v.

Btk+l B B[k
Vet — b

having aN(0,1) distribution (see Chapter 1) to write relation (13.50) in the form:

Yy = (13.51)

n— 1
El(S,-0%1=E| ) [ W -1] (tk+1 ty)?
k=0

(13.52)
n-1
E[Yk —1] (tesr 1)
k=0
Asther.v. Y, have the same distribution, we also obtain:
n-1
B[S~ = E[ (4 -7 | " (-t (1359
k=0
From the following inequality:
n-1 2
(tea—t) < (b-a)v, (13.54)
k=0
we obtain:
E[(S, - 021 < E[ (42 - 17 |(b- v, (13.55)
and so the result for v,, — 0. O

Remark 13.1 The last proposition aso shows that effectively the trajectories of a
standard Brownian motion are not, a.s., of bounded variation on any compact of the
real set.

Indeed, from the a.s. continuity of the trajectories on [0,t], there is on this
interval a subdivision 77, = (tg,...tx,...t, ), tg = O,t, =t of sufficiently small norm
such that:

\B[M -B, [<1Vk=0,..,n-1 (13.56)
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and so:
n-1 n-1
2 (B, B )< SUP‘BtM - B, Z‘Btm -B, |- (13.57)
k=0 K k=0

This last relation proves that if the trajectories of a standard Brownian motion
were a.s. of bounded variation on [0,t], then the first member will tend to O, which is
in contradiction with Proposition 13.5.

13.4. 1t6'sformula

The fact that the rules of traditional differential calculus are no longer true for
stochastic calculus implies finding a new tool of differentiation and integration. This
tool was created by 1t6 (1944) who proved a lemma called 1t6’s lemma whose main
result is called 116’ s formula.

This formula became a very important basic tool for stochastic calculus and
particularly in stochastic finance.

13.4.1. Quadratic variation of a semi-martingale

Let usrecal that we use the following notations:

I; HdX = I[O’t] HdXs,

t (13.58)
j0+ HedXg = -[(O,t] HodX
and so:
t t
J'Hsdxs = HoXq+ J' HdXs. (13.59)
0 O+

Definition 13.8 If X and Y are two semi-martingales, then:
(i) the quadratic variation of X or bracket of X noted:

[X,X]=([X,X],,t=0) (13.60)
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isthe stochastic process

t
[X,X], = X2 —2[0 X, dXs,
(X =0),

(13.61)

(ii) the quadratic covariation process of X and Y or bracket of X and Y is the
stochastic process noted

[X,Y]=([X,Y], .t=0) (13.62)

where
t t
[X,Y], = XY - jo X dYs _JOYs—dXs- (13.63)

Protter (1990) proved some interesting properties of these new processes and the
most important ones for us are presented in the next proposition.

Proposition 13.6
(i) The process [X,X] is cadlag, non-decreasing and adapted.
(i) The process[X,Y] is cadlag, t bilinear and symmetric and:

1
[X,Y]t:E<[X+Y,X+Y]t—[X,X]t—[Y,Y]t). (13.64)
(iii) For every sequence of partitions of stopping times:

T3 =0T",... .. T =t, (13.65)

if normtends a.s. to O, then:

n-1 2
2 " "
x0+k22)(x s ) 21 (13.66)

(iv) X and Y being two semi-martingale, so isthe process [X, X].
(v) Integration by parts asserts that:

t t
XY, = jo Xo dYg + jOYS_dxs +[X.Y],. (13.67)
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(vi) If it is a process of class D, then the jump process of Y, denoted
AY =(4Y;,t 2 0) , isdefined as

A=Y, —Y_. (13.68)
Then, for X=Y, we have:
A[X,X], = (4%)?, (13.69)

it follows the non-decreasing property of [ X,X] and its decomposition in

X X] =[x XF+ (4Xs)?,
O<s<t

or (13.70)
2
[X,X], =[X, X]F +X§ + Z (4X4)7,
O<s<t

the first term representing the “ continuous® part of [ X,X] .

Remark 13.2 From (ii) and Proposition (13.5), it follows that for every standard
Brownian motion:

[B.B], =t. (13.72)

13.4.2. 1t6'sformula

In traditiona differential calculus, it is well-known that the fundamental theorem
asserts that for any integrable function f on [0,t], we have:

F(0)— f (%) = Lz F(t)ct. (13.72)

From stochastic calculus, the problem is as follows: with a semi-martingale
process X as integrator process, we seek the additional term, if it exists, such that we
can extend the preceding result (13.72) to obtain the following extension:

£(X)— f(Xo) :LL f /(X )dXg + ... (13.73)

For any function f of class C]ﬁ , the solution is given by the two next propositions.
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Proposition 13.7 (general 1t6 formula) If X isa semi-martingale and f a function of
class Cﬂ%, then the composed process f(X)=(f(X;),t>0) is also a semi-
martingale and moreover:

FX)- (%)= [ 10X IXs+2 [ 11X X, X;

+ D {F(X) = f(Xs )~ f{(Xs)AXs}:

O<s<t

(13.74)

Proposition 13.8 (It6 formula: continuous case) If X is a continuous semi-
martingale and f a function of class Cﬂ%, then the composed process
f(X)=(f(X;),t>0) isalsoasemi-martingale and moreover:

(0100 =] T+ [ Txa[x,x],. (1379

Proof Relation (13.75) is a direct consequence of result (13.74) as the continuity
assumption on X implies that:

Vs20: Xg = Xg ,4Xg =0 (13.76)

Remark 13.3 It is possible to show that (see Protter (1990)) the first supplementary
termin the general 1t&’s formulais nothing other than:

1.,
E[f (X), XJ; (13.77)
and so we can put the 1t6 formulain the form:

FX) = F(X0) = [} 11X )X +2[ 100 X

+ D {F(X) = f(Xs )~ F1(Xs)AXs}:

O<s<t

(13.78)

13.5. Stochastic integral with standard Brownian motion asintegrator process

Main applications in finance begin with stochastic integrals with a standard
Brownian motion as integrator process; thus, we will now particularize the general
preceding results to this specia case to obtain results that are more precise.
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13.5.1. Case of predictable simple processes

On the probability space( ©,3,(St,t > 0),P), let us consider:
—asimple predictable process defined on [0, t]:

Hg = Hy, t<S <t 1,k=0,...,n-1, (13.79)

(to =0,ty,...t, =t) being apartition of [O,t];
— B, astandard Brownian motion.

From the construction of the stochastic integral, we know that:
t n-1
J'O HdBg = kz(:) He(B -B,). (13.80)

Conseguently, the mean and variance of the stochastic integral are given by:
(i) mean:

fm

and as the process H is adapted and B with independent increments, we obtain:

n-1

> ElHe(B,-8))]. (13.81)

k=0

t n-1
E IHsdBS = > E[H(]E[B,, - B, ] (13.82)
0 k=0
and finally:
t
E szdBS 0. (13.83)
0
(ii) variance
Asfrom result (13.83):

n-1 2
varU.;Hsst): E [Z Hy (B, , —Btk)J , (13.84)
k=0
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we obtain:
t n-1n-1
vaon HSstj = E[[ZZ HH (B, - B (B B, )]] (13.85)
k=01=0
or.
t n-1
var“OHsst] - Y E[HEB,, -B,)?]
k=0 (13.86)
+2E[[ZHkHI (B, ~B)E, B, >H
k<l
using the “ smoothing property” from Chapter 10, we obtain:
E[HE®,, - B,)?|-E[HE®, -8 )23, |, (1387)

and so from the fact that H is adapted to the given filtration and B with independent
increments such that:

E[Btm -B, ] =t — . (13.88)
we obtain:
E[HE(B[M -B, )2] - E[Hﬂ(tkﬂ—tk), k=0,..,n-1. (13.89)

Using analog reasoning, we also have that all the double products in relation
(13.86) have a zero expectation so that finally:

t
varUOHSst)

To summarize, we have the following basic results:

n-1

=y E[Hlf](tk+1 ~t,). (13.90)
k=0

EU:) HSdBS} - j; HdE[Bs] =0,

var“;Hsst} = EU; Hsstj2 = EU; Hszds] = J.;E[Hsﬂds

(13.91)
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Similarly, we can prove the following proposition.

Proposition 13.9 Under the above assumptions and if moreover the process H is
sguare integrable, then the following process

( j; HdBg,t > o) (13.92)

is a square integrable (St)-rm\rtingale with a.s. continuous trajectories and
moreover the process

t 2t
{[J' HSdBSJ - szzds,tZOJ (13.93)
0 0

isa (3J;)-martingale with a.s. continuous trajectories.

Let us a'so mention the following property: if X and Y are two simple predictable
square integrable processes, then

t t t t
E{ I ) XSdBSJ.OYSdBS} = E{ j ) Xssts} = j (E[XsYslds (13.94)

13.5.2. Extension to general integrand processes

As we know from the preceding section, we will use uniform convergence in
probability to extend the preceding results to the class D of sguare integrable
adapted cadlag processes.

For such a process X, there exists a sequence adapted simple square integrable
processes (H,,,n>0) ucp converging to X such that in particular:

t t
X 0B, =i HIdB.. 13.
IO s0Bs 'ern_[o s dBg (13.95)

From thisresult, it follows that al the properties of section 13.5.1 remain valid in
this general case.



536 Mathematical Finance

13.6. Stochastic differentiation

13.6.1. Definition

On the probability space (£2,3,(3t,t=0),P), let us consider an adapted
standard Brownian motion B and two sufficiently smooth adapted processes a and b.

Definition 13.9 The stochastic process
E=(£(1),t20)

has as stochastic differential on [0, T]
d&(t) = a(t)dt + b(t)dB(t)

if and only if:

th,tZZOSt1<t2 <T:

t, t,
£()=¢() = [ "adt+ [ "B

13.6.2. Examples

1) Result (13.44) gives:
; 1 1
—-g2_=

J(;Bsst =3 B 2t.

Consequently, we also have:

t,

1,5 o1
IBSdBSZE(Btz_BH)_E(tZ_tl)
4

and from our new definition, it follows that:

dB? = dt + 2B,dB,.

2) From the definition of the stochastic integral, we know that:

J; 108 = "{,nnthn,k B, B, ]
k=1

(13.96)

(13.97)

(13.98)

(13.99)

(13.100)

(13.101)

(13.102)
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(tn,l =t ety remtnn = t2) being a subdivision of order n of theinterval [t;,t,].

Moreover, from the definition of the traditional Lebesgue integral, we obtain:
t, n-1
j Bt =IimY B (ks —tak)- (13.103)
tl n k:O n,K+

Adding member-to-member relations (13.102) and (13.103), we obtain:

t t . n-1
.[t; B.dt + J‘tztdB[+ =i rﬁnZ[tnMBtm ~toB: | } (13.104)
1 k=1
and so:
t2 t2
L Byt + L tdB; = toB, ~4,B; (13.105)

or in terms of stochastic differential:
d(tB;) = Bdt + tdB;, (13.106)

this formula also being different from the one of the traditional calculus.

13.7. Back to 1t6’sformula

Using now the concept of stochastic differential, we will have a supplementary
look to 1t’s formula.
13.7.1. Stochastic differential of a product

On the probability space(£2,3,(3t,t>0),P), let us consider an adapted
standard Brownian motion B and four cadlag adapted processes a,,a,,b,,b, of class
D and sufficiently smooth defining the two following stochastic differentials:

dé (t) = g (t)dt + by () dB(Y),i =1,2. (13.107)

Then, we have as next result.
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Proposition 13.10 (A. Friedman (1975)) The process &¢&, is differentiable (in
[t6’s sense) and

d(&(1&(1) = & (0)dE (1) + S (1)d& (1) + by (Db, (t)dt. (13.108)

Examples

1) With&(t) =&5(t) = B(t), we find back this known result (see relation
(13.101)):

d (Bz(t)) = 2B(t)dB(t) + dt . (13.100)

2) Similarly, we can find result (13.106) concerning
d(tB(t)) = tdB(t) + B(t)dt, (13.110)
with

a®=t=a(=Lh()=0,

&, (1) = B(t) = & (t) = 0,by(t) = 1. (13.111)

13.7.2. 116’ sformula with time dependence
For our applications, the main result is It6’s lemma or the 1t6 formula, which is
equivalent to the rule of derivatives for composed functionsin traditional differential
calculus, but now with afunction f of two variables.
Starting with
dé&(t) = a(t)dt + b(t)dB(t), (13.112)

let f be afunction of two non-negative real variables x, t such that

0 0
fe CRXR” fo.fo fi e C}Mv. (13.113)

Then the composed stochastic process

(f(&(t).1),t20) (13.114)
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isalso Ito differentiable and its stochastic differential is given by:
d(f(5).1)=

of of 1 0? 2
{5 (&), pa(t) +E(§(t)'t) +EW f(&(1),t)b (t)}dt (13.115)

+?—f(§(t),t)b(t)d8(t).
X

Remark 13.4 Compared with traditional differential calculus, we know that in this
case, we should have:

d(f(§(t).t))=B—;(f(t),t)a(t)+Z—:(§(t).t)}dt

+?_f(§(t),t)b(t)d5(t)-
- (13.116)

Therefore, the difference between relations (13.115) and (13.116) is the
supplementary term

1.2 :
275 [EODP*®

(13.117)

appearing in (13.115) and which is zero if and only if in two cases:
1) fisalinear function of x,
2) bisidentically equal to 0.

Example 13.1
1) For & given by:

dé(t) = dB(t),
$(0)=0. (13.118)

Using notation (13.112), we obtain:

a(t) =0, b(t) = 1. (13.119)
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With the aid of 1t8's formula, the value of de®® isthus given by

des = Lesogy e®VdB(t).
2 (13.120)

As we can see, the first term is the supplementary term with respect to the
traditional formula and is called the drift.

13.7.3. Interpretation of 1t6'sformula

[0’ s formula simply means that the composed stochastic process
((f(@),1) - f(£(0),0),t20) (13.121)
is stochastically equivalent to the following stochastic process:

( Jo| £ 900+ 1,291 98(6) + 2 (91 90°) dsj
(13.122)

t
[ (€(9.9p(9)dB(9),120).

13.7.4. Other extensions of 1t0’s formula

13.7.4.1. First extension

It is possible to extend 1t6's formula in the following way. Let & =(&(t),t>0)
be an m-dimensional stochastic process:

&) =(&M).....5 1) (13.123)
with every component having a stochastic differential given by:
d¢& (t) = g (t)dt + b (t)dB(t),i =1,...,m. (13.124)

Then, it can be shown that the stochastic differential of the one-dimensiona
process:

(f(&M).t),t=0), (13.125)
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with f being areal function of m+1 variables:

f(x,t)=f(x,....x,t) (13.126)

satisfying the following assumptions:

f ecﬂgme“ f ol = LM F i f =1m, e cﬂgw (13.127)
exists and is given by
d(f(30.1)=
n, of of 1& 6°
;a_x(g(t)’t)a(t)+5(§(t)’t)+§i;a>gaxj f (&(t),t)h (t)b; (t) |t (13.128)

DIRACORLICEED

i=1
Here, the supplementary timeis given by

1& 0°

2i,j:1a>gaxj

f (&(t).t)b (t)b; (t) (13.129)

13.7.4.2. Second extension

The second possible extension also starts with an mrdimensional stochastic
process é’;(t):(fl(t),...,fn(t))' such that its dynamics are governed by the
following stochastic differential:

dé(t) = a(t)dt + b(t)dB(t),i =1,...,m (13.130)
a being a m-dimensiona random vector of class L or D and b a stochastic matrix
mxn whose elements are stochastic processes of class L and B a n-vector of n

independent standard Brownian motions.

Asin the preceding section, we are interested in the stochastic differentia of the
one-dimensional process:

(f(&).t),t=0), (13.131)
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with f being areal function of m+1 variables:
f(x,t)=f(x,....x,t) (13.132)

satisfying the following assumptions:

0 .
f eC]an R Xi" =1...,m, fxx J,i=1..,m, EC]R"‘ R

(13.133)

Under these assumptions, it is till possible to show the composed stochastic
process ( f (&(t),t),t = 0) is Ito differentiable and that its stochastic differential is
given by:

d(f(gt).t)=
Z":%(g(t),t)q ) +— E(t),) + Z o, f(8(0).t) |t

(13.134)
Z_ (5).1)b; (0B, ()
7, (6) =5 (bb'(),

Using matrix notation, we can rewrite this last expression in the form:

d(f(&@).t)) :ﬂ(g(t),t)dt + gradf (t)dg(t) +%tr(bb')(t)fxx(t)dt,

- (13.135)
fo (D) = { (t)}

Here, the supplementary timeis given by

%tr(bb')(t)fxx(t)dt (13.136)

13.7.4.3. Third extension

The last extension we will present now is related to the case of vector B whose
components are n dependent standard Brownian motions.
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This means that:
Vi, ], Vs i(s<t): E[(B(®)-B (B () -B(S)]=p;t-9. (13137

The matrix Q =| p; | is called the correlation matrix of the vector Brownian
motion B = (B(t),t = Oj .

If Q=1 and B(0) = 0.the vector Brownian motion B = (B(t),t > 0) is called
standard.

In the case of a n-dimensional Brownian motion and with the same assumptions
of the function f as above, 1t6’s formula becomes:

d( f (g(t),t)) = %(é(t),t)dt + gradf (t)dg(t) +%tr(be‘)(t)fxx (t)dt,
o2 o (13.138)
oxox, |

13.7.4.4. Exercises

1) Prove the following results:

dB"(t) = nB"L(t)dB(t) +%n(n—1)B”_2(t)dt,

. (13.139)
daB® = aBW |nadB + EaB(t) In? adt,a > 0.
2) (i) Provethat:
t t
J'O «dB(s) = tB(t) - J'O B(s)ds. (13.140)

(i) Generalize to the following case (partia validity of the traditional
integration by parts formula)

t t
J' f (9)dB(s) = f (1)B(t) —J' B(s)df (3), (13.141)
0 0

f being a deterministic function with bounded variation.
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3) Let B an n-dimensional standard Brownian motion and consider the following

one-dimensional process

R=(R(t),t>0),
- L2
RE) =, > BL().
k=1
called the Bessel process of order n.

Prove that:
1 n—1
dR== t)dB(t) + —dt.
Réa() 0+

4) Calculate E [eB(t) J .

Solution
The integral form of the 1t6's formula leads to

t t
B _1- IeB(t)dB(s) +%J‘eB(t)ds
0 0

Then, if:
X(t) = E[eB(t)J ,
we get:
1t
X(t)-1= EI X (s)ds.
0
By derivation, we obtain:

X'(t) :%X(t).

(13.142)

(13.143)

(13.144)

(13.145)

(13.146)

(13.147)
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Moreover, as X(0)=1, the traditional differential equation has as unique solution:

t
X(t) = e2. (13.148)

5) a and b being two deterministic functions of bounded variation, calculate the
mean and the variance of the process X defined by

dX (t) = a(t)dt + b(t)dB(t), (13.149)
B being a standard Brownian motion.

6) If the stochastic process A =(A(t),t>0) has the following stochastic
differential:

dA(t) = at)dt + b(t)dB(t), (13.150)
calculate 1t s differential of e*®

Answer

de*® = M Ka(t) +%b2 (t)j dt + b(t)dB(t)}. (13.151)

13.8. Stochastic differential equations
13.8.1. Existence and unicity general theorem (Gikhman and Skorokhod (1969))

The problem is, in the deterministic case, as follows: given the following
stochastic differential:

de(t) = u(S(®),Ddt+o(S(1),1)dB(t),

£(0)=¢&.as. (13.152)

B=(B(t),t>0) being a standard Brownian motion on the complete filtered
probability space( £2,3,(J;,t>0),P), find, if possible, a stochastic process

£=(&£(),te[0T]) (13.153)

satisfying in the interval [0, T] relations (13.152), under minimal assumptions on the
two functions x,o from Rx[0,T|—-R.
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Relation (13.152) is called a stochastic differential equation (SDE). Gikhman
and Skorokhod (1969) proved a genera theorem of existence and unicity also given,
in amore modern form, by Protter (1990).

Under arelatively simple form, the main result is as follows.

Proposition 13.11 (general theorem of existence and unicity) Let us consider the
following SDE:

de(t) = (SO, dt+o(£(1),1)dB(t),

£(0) = &, as (13.154)

under the following assumptions:

(i) the functions 1, are measurable functions from Rx[0,T]+ R verifying a
Lipschitz condition in thefirst variable:

V(%q,1),(%0,t) € Rx[O,T]:
|/J(X1,t)—/,l(X2,t)|£ K|X1—X2|, (13155)
lo (X0, t) = o (X, t)| < K |3 = %],

K being a positve constant;
(i) on Rx[0,T], thefunctions ., are linearly bounded:

| (x| < K@+]X),|a(x, )| < K(@+]x), (13.156)

K being a positve constant;

(iii) the r.v. &y belongs to LZ(Q,S,P)and is independent of the o -algebra
o(B(t),te[0,T]), then, there exists a solution belonging for all te[0,T],
to LZ(Q,S, P), continuous and a.s. uniqueon [0,T].

Remark 13.5
1) Theinitia condition:

$(0)=x.€R (13.157)

naturally satisfies assumption (iii).
2) This theorem can be extended in the case of a SDE on [s,s+T], with as
initial condition:

E(9)= &, (13.158)
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the rv. now independent of the o -algebra o(B(s+7)—B(s),z€[0,T])and
belonging to LZ(Q,S,P).
3) It isalso possible to prove that:

E| suple 0 | <c(1+E[ ), (13159)
[0.T]
C being a constant depending only on K and T.

In Proposition 8.1, the coefficients u,o are deterministic functions but it is
possible to extend it in the stochastic case. Then, formally, we have:

H(X1) = u(xt,w),0(x,t) =o(Xt,m),VxXeR,Vt e [O,T] . (13.160)
Theinitia condition (13.157) becomes:
¢(0) = ¢(0), (13.161)
where
9 =(p(t),t[0,T]) (13.162)
isthe giveninitial process.
The extension of Proposition 8.1 is how given.

Proposition 13.12 (case of random coefficients) For the SDE:

d&(t) = do(t) + (£ (1), t)dt + o (£ (1), t)dB(t),

13.163
£(0) = 9(0), (13.163

where:
(i) the processes u,o0 are measurable as functions from RX[O,T]XQH R,

adapted and lipschitzian in the first variable, i.e. with probability 1:
V(xq,1),(Xp,t) € Rx[0,T]:

|03, 1) = (. )] < K xg = 5 (13.164)
|O'(Xl,t) —U(Xz,t)| < K|X1—X2|,
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K being a positive constant;

(ii) the processes u,o are measurable as functions from Rx[0,T|x2 R,
satisfy a.s. the following condition:

(O] +|o(x 0 < K2+ x3), (13.165)

K being a positive constant;

(iii) the process ¢ = (¢(t),t €[0,T]) is of bounded variation, adapted and such
that

E{sup |¢(t)|2} <o (13.166)
[0T]

then, thereis a solution belonging for t [0, T], to LZ(Q,S,P); moreover, if &,&
are two solutions, then they are stochastically equivalent, i.e.:

Pla®) =&1)]=1vte[0,T]. (13.167)
Finally, if the process ¢ is continuous a.s. on [O,T], then there exists as.
unicity on [0,T]:

P| sup {t:|4(t) - &)} >0|=0. (13.168)
[0T]

Remark 13.6 This theorem can be extended in the case of aSDE on [s,s+T].

The proofs of these two fundamental propositions use the method of successive
approximations used in the deterministic case under the name of Piccard method: on
[0,T], we begin to use the following very rough approximation:

So(t) =So (13.169)
and, by induction, on constructs on [O,T] , the following sequence of stochastic

processes &, = (&, (t),n > 0) isdefined by

t t
&t = o+ [ (60(9), ) + [ 7(61(9), SJUB(S). (13.170)
0 0
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Then, it is possible to show (see, for example, Friedman (1975)) that the
sequence &, =(&,(t),n>0) converges uniformly as. on [0,T] towards the
stochastic process & =(&(t),0<t<T), which is a solution of the considered SDE
(13.163). Using assumption (13.164), Friedman (1975) also proved the a.s. unicity.

13.8.2. Solution of stochastic differential equations

Let us consider the following general SDE

dg(t) = de(t) + x(S(t),t)dt + o (S (), )dB(t), (13.171)
£(0) =¢(0),
where B =(B(t),t > 0) isastandard Brownian motionon ( £2,3,(3t.t 20),P).

The general procedure to find the process& =(£(t),t [0,T]) solution of this
SDE under the assumptions of Proposition 13.12 is to try to put this SDE in its
canonical form, that isto say

dé(t) = a(t)dt + b(t)dB(t),

£(0) = &, (13.172)

with known a and b functions or stochastic processes. If so, the unique solution of
the considered SDE takes the form:

t t
E() =&y + j a(s)ds+ j b(s)dB(S). (13.173)
0 0

More generally, we can look for a transformation f in two variables x and t,
monotone in t satisfying the assumptions of 1t&’'slemma and such that:

df (£(),t) = A(t)dt + B(t)dB(t) (13.174)

In this case, we obtain:
t t
f(EN).1) = f (5(0),o)+jﬂ(s)ds+ I B(s)dB(s) (13.175)
0 0

where we find by inverse transformation in variable x the form of £(t),t e [O,T].
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13.9. Diffusion processes
Let us consider the SDE:

de(t) = (S, Ddt+o(£(1),1)dB(t),

£(0) = &, (13.176)

under the assumptions of Proposition 13.12.

The solution & =(&(t),t [0,T]) of this SDE is called a diffusion process or It6
process.

Letsandtbesuchthat: 0<s<t<T andsupposethat &(s) = Xx.

From the theorem of existence and unicity, we know that on the interval [s,T]
there exists only one process solution, noted &, ¢, of the SDE (13.176) such that

Es(9=X. (13.177)

So it is clear that, setting x = £(t), we have the Markov property for the &-
process in continuous time, which is of course generally non-homogenous.

More precisely, we have the following propositions.

Proposition 13.13 Under the assumptions of Proposition 13.12 and if, for each t,
J; represents the o -algebra generated by & and the set (B(s),s<t)), then the
a.s. unique stochastic process solution of (13.176), satisfies a.s.:

P[&(t) e A|Ss |= P[&(t) e AE(9) ] (= p(s.£(3).t, A) (13.178)
for all t>sand for all Borel set A.

Proposition 13.14 The function of R xRxR" x 8+>[0,1] defined by relation
(13.178) satisfies the following properties:

(i) for all fixed s, x, t, p(s, X, t) isaprobability measureon R;
(i) for al fixed s, t, A, p(s, t, A) is Borel-measurable;
(iii) the function p satisfies the Chapman-Kolmogorov equations:

VO0<s<t<r,xeR Aeg:

J- p(s, x,t,dy) p(t,y,z, A) = p(s, X7, A). (13.179)
R
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(iv) the process solution &=(&(s),s>0) is a Feller process; i.e. for all
continuous bounded function of R R, the application

(s, X) > I f(y)p(s x,s+t,dy) (13.180)

is continuous.

(v) the process solution & =(£(s),s>0) satisfies the strong Markov property,
i.e. condition (13.178) but where s and t are replaced by stopping times.

Remark 13.7

a) If the drift and the diffusion coefficient are continuous functions, it can be
shown that:

(i)

Ve>0,t>0,xeR:

1
lim= t,xt+h,dy) =0, (13.181)
m e j p(t, x,t +h,dy)
ly-x|>&
(i)
Ve>0,t>0,xeR:
a)limt j (y=x)p(t, x,t+h,dy) = (), (13.182)
hioh‘y ¢
—X|<&

b) m% J' (y—)2p(t, x t +h,dy) = 52(x,1),

ly-X<e

For the applications of such processes in finance, it is interesting to give the
interpretations of these last properties:

1) the probability for the process & =(£(s),s2 O) to have a jump of amplitude
more then & between t and t+h is o(h). Consequently, the process & =(£(s),s>0)
is continuous in probability;

2) properties a and b can be rewritten as follows:

QE[£(t+h)-®)[¢(t) = x] = u(x,)h+o(h),

(13.183)
b)EDg(t +h)—E0)PIE) = x} — o2(x,)h+o(h).
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Consequently, drift x givesthe rate of the conditional mean of the increment of
the diffusion process on the infinitesimal time (t,t+h) interval and the square of the
diffusion coefficient of diffusion o, the conditional variance of this increment as
the square of the mean is of order o(h).

b) If the function p has a density p', then it is a solution of the partial differential
equation of Fokker-Planck:

op' o L 102 ,
E+5(U(X’t) p)—Eﬁ(ﬂ(X,t) p)=0. (13.184)

Example 13.2 For the Ornstein-Uhlenbeck-Vasicek process defined by the SDE
(seelater in section 15.3.1)

d&(t) = a(b— £(t))dt + odB(t),
£(0) = . (13.185)

it can be shown that:

1 2

. 1 _7(X_M1)
p(six!t!y):\/z—v e 2\/1 )
7TV

(13.186)

M;,V; representing respectively the mean and variance of £(t) whose explicit
forms will be given in Chapter 15.



